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Let I be a Dirichlet form in L2(sZ; m), where .G is an open subset of [w”, n > 2, 
and m a Radon measure on .Q; for each integer k with 1 <k <n, let & be a 
Dirichlet form on some k-dimensional submanifold ok of a. The paper is devoted 
to the study of the closability of the forms E with domain C?(Q) and defined by: 
E(J g) = S(f; g) +x;=, &( f ‘I, gk,), where 1 < k, < i n, and where f k,, gk, 
denote restrictions off, g in C?(Q) to sl,,. Conditions are given for E to be closable 
if, for each i = l,..., p, one has k, = n - i. Other conditions are given for E to be non- 
closable if, for some i, k, < n - i. c> 1985 Academic Press, Inc. 
1. INTRODUCTION 
(a) Let Q be a non-empty open subset of ET’, n 3 2, and let m be a 
positive Radon measure supported by Q. A family (ai.j)l G i,jc n of real 
locally integrable functions on Q such that, for almost all x in 52, (u,,~(x)),, 
is positive definite symmetric n x n matrix gives rise to a positive symmetric 
differential form d on C,“(Q) such that: 
&(A g)’ i J” g(X)'$(X)'U,.i(X)dx. 
;,=I naxi I 
(1.1) 
We keep the same notation for the closure of this form in the real L’(sZ; m) 
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space whenever this closure exists. The closability problem for the forms 
( 1.1) has been extensively discussed in [ 1, 3, 6, 71. 
Now suppose there are other forms E& of this kind living in smooth sub- 
manifolds 52, of Q, tl running on a finite set, and let f” be the restriction to 
Q, of the element f in C,“(Q). In this note we are concerned with the 
closability problem for the forms &$ and their sums in the real Hilbert space 
L2(1;2; dx), dx being the Lebesgue measure in Q. 
(b) Although this problem may be of independent interest, we are 
discussing it with particular application in mind, namely, in the study of 
the irreducibility of the energy representations of a gauge group (see, e.g., 
[2,4]). The study of the irreducibility of such a representation is closely 
connected with deep properties of the standard Gaussian measure p, on 
the distribution space 9(Q) with Fourier transform fi, given by 
where E, is a particular Dirichlet form associated to z. In the case E, = 8, 
the problem was solved in [2]. Recently, using ideas developed in [4], one 
of us (J. Marion) and D. Testard studied energy representations 7c for 
which 
The only method known up to now for studying this problem of 
irreducibility is that developed in Ref. [2]; however, the use of this method 
is subordinate to the closability of the differential form given by 
E(f, .I-) =&s, f)+ c &U”, l-7. 
Since out motivation comes from the above problem, we shall not make 
much effort at being very general but only to the extent necessary for the 
application. 
2. NOTATIONS AND RESULTS 
(a) Let n z 2, let Q = Q, be a non-empty open subset of KY, and 
let us select n - 1 constants cz,..., c, such that, for all integers s with 
lQs<n-1, 
Q, = i (X, >..., Jry ,..., X,) E Q/X,+ ,= c,, I,..., x, = cn} # (ZI; 
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an element (X, ,..., X,, c,+, ,..., c,) of Q, will be denoted X”, and the 
Lebesgue measure in 52, will be denoted dX”. We shall consider also the 
function q,: 0, + [w such that q,( Y”) is the distance from the point Y” to 
the set Q,- r. We shall denote by A” the family of s x s symmetric matrices 
II,~ = (Q;,~) of L,‘,,(sZ,; dx”) functions a;,, such that, for almost all x” in Q,, 
A”(F) is positive definite. Each element A”= (u;,~) in A” gives rise to a 
positive definite symmetric differential form 4, defined, for f, g in CF(Q,), 
by 
(2.1) 
DEFINITION 1. Let s be such that 1 <s6 n. We shall say that the 
element A” in A.’ has the property (7t,) if gS is closable in L’(Q,; dx”). 
DEFINITION 2. Let s be such that 2 <s d IZ, and let A” be in A”. We 
shall say that A” has the property (x2) if there are an open subset U, in R” 
with Q,-, c US A Q,s, a real number M satisfying - 1 < a < 1, and a non- 
negative L,‘,,(9,; dx”) function l,V such that: 
(i) either for all x” in U,s n QL, with X,y > c,, or for all X” in U,, n Q,, 
with X, < c,, A,(F) = (q,s(XS))‘; 
(ii) let A,V be the symmetric form defined on C,“(Q,) by 
(2.2) 
then, for all f in C,“(O,), 
af, f) 2 ~.df, f). (2.3) 
Now, after recalling that for f in C;(Q), f” denotes the restriction off to 
Q,, we are ready to formulate the first result. 
THEOREM 1. Let k be an integer such that 16 k<n- 1; iffor all s with 
k <s <n, the forms ~7~ defined by (2.1) satisfy properties (x,) and (z2), the 
symmetric form &,,k defined in C,“(Q) by 
n-k 
G,k(L g)=&;?(f, g)+ c 4-j(f”-‘Y g”--7 
j= I 
is closable in L’(Q; dX). 
(2.4) 
Remark. Note that Theorem 1 is not applicable if in the sum (2.4) a 
form G: with k d s Q n vanishes identically. 
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(b) This remark suggests that it may be useful to know the con- 
ditions preventing a sum of forms from being closable. For this we shall 
need the concept of capacity (see Ref. [ 31). Here we have a less general 
definition and some simple facts about capacities. 
Let 8 be the family of open subsets of Q, and for A in 0 we put 
dip, = {fE 0(&Q/f(X) > 1 for almost all X in A >, 
where D(gm) denotes the domain of &. 
DEFINITION 3. The capacity of an element A of 0 is defined by 
cap(A) = GO if YA = 0 
= inf (G,(f, f) + i, Ifl’ dx) otherwise, .fc .YA 
and for any subset B of Q we put 
cap(B) = I$ cap(A). 
BcA 
Clearly cap(A) > Z(A), where Z(A) stands for the Lebesgue measure of A, 
and in fact a set of measure zero may have strictly positive capacity. 
If for instance n = 1, then a one-point set {X,,} has a non-zero capacity 
unless a,,(X) converges ufficiently fast to zero as X tends to X,,, where suf- 
ficiently fast means a behavior like 1X-X,1* with c( 3 1. If a,,(X) behaves 
like 1 X-X,, Ia with - 1 < c1< 1, then cap{X,} is finite and strictly positive; 
if CI < - 1, then cap{ X0} is finite and strictly positive; if a 6 -1, 
cap(X,,> = co. When n > 1, and the symmetric form is given by (2.2), 
the condition A,(X)= (v,(X))~ with - 1 < c( < 1 guarantees a strictly 
positive capacity for Q, _, ; if moreover Q,- , is bounded then 
O<cap(Q,-,)< +oo. 
However, with the same condition the sets Q, with 1 <s< n - 2 have 
vanishing capacities. Explanation of the above facts can be found in 
Ref. [3] (which gives other numerous references). 
THEOREM 2. Let gV be the forms defined by (2.1), 1 < s < n, and sutisfy- 
ing property (x1). Let us assume moreover that for some integer 1 with 
n 2 I> k and all integer m such that n > m > 1 the following conditions are 
fulfi:lled: 
(i) The diagonal forms 87 given for all f, g in CF(Q,,,) by 
&y(f; g)= 2 j af.3 py(Xm) dx” 
{=, n,axj ax; 
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are closable in L’(Q,: dX”‘) and for all f in C?(Q) 
(2.5) 
(ii) there exists an open subset U, in Q with Q,- , n U, # 0 and with 
cap,,(Q,- , n U,) = 0, where cap,, denotes the capacity with respect o the 
form 87 in L2(Q,; dX”‘); 
(iii) there is m’ with k 6 m’ < 1 such that &mS is not identically zero. 
Then, the form J$,k defined by (2.4) is not closable in L*(R; dX). 
3. PROOFS OF THEOREMS 1 AND 2 
(a) We begin with the proof of Theorem 1. The main tool is a sim- 
plified version of the imbedding theorem for the weighted Sobolev spaces 
W;(!S;(q(X))“) of Ref. [8, Sect. 3.6.11. 
Within the assumptions of Theorem 1, that is to say properties (rci) 
and (rc2), it implies the existence of a positive constant c so that for any 
integer 1 fulfilling k<l<n, and all f in C,“(Q), (A,(f’, f’))li2> 
cll9-‘(1 + IIx~-1112)“2’~f’-‘/1L2~n,~,)’ where 9 denotes the Fourier 
transform, and s = (1 - a)/2. As the right-hand side is greater than 
Cllf ‘- ’ II L~(Q,-,), we have 
Mf’>f’))“‘b CllfL-111L2(L2m,). (3.1) 
Suppose that a sequence (,f”),, in C;(Q) converges to zero in L*(sZ; dX) 
and that 
lim &n,k(fy -f,,, fy -f,) = 0. "'flm P-'"c 
From the closability of L$ it follows that lim,, o. &(fv, fu) = 0 and hence 
A,(f,, f,) converges to zero. This and (3.1) imply that (f:-') converges to 
zero in L2(s2, _ ,), so that lim,,, &np,(f;-l, f;-‘)=O. The same 
argument applied to & ~ *,..., &k completes the proof of Theorem 1. 
(b) In order to prove Theorem 2, we need two lemmas. 
LEMMA 3.1. Let Q be a bounded open subset in KY’, let s be an integer 
such that 1 <s < n, let cp, and $i, 1 <ids, be 2s piecewise continuous 
functions in L2(sZ; dX) and let us assume that for any open subset U in Q the 
integral so $j?(X) dX> 0 for i = 1, 2 ,..., s. 
Let (f,),= (fi ,..., fl,..., f",)" be a sequence in C,“(Q)” such that: 
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(a) C;=,jB Iff(X)l*.$?(X)dX+O as v+o3; 
(b) there is a constant C > 0 such that 1 f:(X)1 < C for all i = l,..., S, uZZ 
v, all X in Q; 
then C;=I ~nIf~(X)12.cp;Z(X)dX-+0 as v--r co 
Proof: Let Vi= (XEQ/$,(X)=O}, i= l,...,s. Given r>O, we can find 
an open neighbourhood Uj of Vj such that 
Thus 
I Ifl(W12 d(X) dX R 
1 <--E+ s a~ ” ,.f’,(X)l’. cp?o2 , $qx) rc/V) a% I 
<++ 0 , R~U Ifi.o12~;(x)dx-jQ~u gpX)I-*<& ( I 
for v sufficiently large. 
(c) Let us suppose here that n 2 3, and let P, P’ be two open cubes 
in R” such that PC P’, F c Q. We can write 
P= fi la;, b;C, P’= fi ]a:, b;[ 
i=l ,=I 
with ai < uj < 6, < b:, i = 1, 2 ,..., n, and where the constant ci that appears in 
definition of a, _, is such that uj < ci < bi. 
LEMMA 3.2. Let &z be a diagonal form defined on C?(Q) which is 
closable in L2(Q, dX), let s be such that 1 < s < n - 1, and cap&Q,) = 0. For 
any pair of cubes P, P’ as described above there exist: 
(i) a function cp in C~(R’) with supp(cp)cn;=, ]a:, bj[, cp(X")= 1 
for ull X” in nT=, ]ui, bi[ and such that 0 < cp < 1; 
(ii) a sequence (@,,)” of functions $,, in C,“(R”-“) with 
suPP(lCl")=rI;=,+, ]a,!, bj[, O<$,,< 1, (~/Jc,+~ ,..., cn)= 1. 
Moreover, if we put (X, + , ,..., X,) = Y’-” and f,: X= (X, ,..., X, ,..., X,,) --f 
4x, 9.") X,,) I,/I,( Y’-‘), then 
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Proof: Let P, P' be the given cubes. Since capd,(Qs) =O, the 
monotonicity of capacities implies cap&Qsn P) = 0. By Ref. [l] the 
capacity of Q, n P is also zero if 8; is restricted to L2(P', dX). Thus we can 
find a sequence (g,)” in C,"(P') which converges to zero in the &;-norm, 
and such that 0 d g, < 1 and g,(X) = 1 for all X in P n Q,. Our aim is to 
prove that such functions can be given by the products cp$, which appear 
in part (ii) of the lemma. Let (g,), be a sequence converging to zero in the 
d;-norm; then, even if we replace the sequence (g,), by a subsequence, we 
can assume that 
and 
as v + co, where (X, ,..., X,)E~.;= 1 ]a;, h;[. Since there is no loss of 
generality to assume that these functions are piecewise continuous and dif- 
ferent from zero off a, the pairs of functions 
and 
(X 1 )...) x,, ,,-.‘) + p’(X ,,..., x,, ,,-.‘) 
(X ,,‘.., x,, Y”- “) -+ IO;’ . .. C’ g?(X I,..., X,) pj’(X, )..,, x,s, y”-“) dx’ 
satisfy condition of Lemma 3.1. It follows that 
where fb : (X, ,..., X, ,..., X,)-+cp(x’) g,(X, ,..., X,, I”-“) with, here, X”= 
(X 1 >...> X3). 
Observe now that 
defines still another measure on nr= s+, ]a:,h([, and then, again by 
Lemma 3.1, 
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This completes the proof of the fact that the sequence (f,,)” with 
f,,: x+ q?(F) g,,(;T”, yn-\) converges to zero in the G”,-norm. 
(d) We are able now to prove Theorem 2. Without loss of 
generality we can take 
with a;, h; as in Lemma 3.2; let (f,,),, be the sequence of this lemma with 
s=l- 1. 
From the above results if follows that 
lim (&,(.f:Y, .f3 f = 0 for n3m31. 
P + 1 
Moreover &,(,f::’ - ,j’;;‘, .f’T’ -J‘;;‘) = 0, so that (fy)” is a Cauchy sequence 
for the normf‘ -+ I ll.fll I= (K&f, f) + llfll 2L2cR,dXj) “2. However &4f~‘, St?‘) 
= constant > 0, and hence 8nn.k is not closable. 
4. APPLICATIONS 
(a) Let us consider the symmetric form E,,k defined on C;(Q) by 
E,,Jf, g)=cql(j--‘, g’-‘)+cL(f( -2, g’-2)+ ... +G,(fk, g”) (4.1) 
with n 2 I> k, and G;-, not vanishing identically. This sum can be com- 
pleted to (2.4) by putting 8n = . . . &, = 0, and then (2.5) holds for any ST. In 
particular we can choose pI” convergent to zero as x” goes to Q,-, suf- 
ficiently fast for cap,,(Q,- r) = 0. Thus Theorem 2 is applicable, and one 
gets: 
COROLLARY 1. The form E,, defined on C,“(Q) by (4.1) with 
n 2 I > k > 1 with &,-~ , not vanishing identically is not closable in L2(Q; dX). 
(b) COROLLARY 2. Let n > 2, and let gn’,, &+ 1 satisfying property (ZI,). 
Moreover assume that there exists a positive constant d such that dQ < A”(X) 
,for an a. X in Q, where II is the unit n x n matrix, and A” is the element of 
Jt’” which defines &. Then, the form 
E n.n-,:(f, g)ECoZ(Q)2,~~nI(fn-~‘, ET’) 
is closable in L’(sZ; dX). 
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ProoJ If we put 
then property (U,) is fulfilled for s = n, c1= 0; hence the result follows from 
Theorem 1. 
(c) COROLLARY 3. Let n 2 3, let &‘,, &H-2 satisfying property (Z7,), and 
assume that there is a positive constant D such that A”(X) d Dll for an a. X 
in Q. The form 
d n,“-2: (f, g)-,el(f, g)+L2(f”-2Y g”-2) 
defined on C,“(G) is not closable in L2(O; dX). 
ProoJ: Let us define 
&- i = 0, and S;- 1 with p”- ‘(X) quickly decreasing to zero as X tends to 
52 . one gets cap&Q,-,) = cap,,- ,(Q+,) = 0, and then the result n-23 
follows from Theorem 2. 
(d) Let again n > 3, and &n, &n _ 2 fulfill property (Z7,). Suppose 
further that there is a diagonal form J&;l such that, for all f in C,“(Q), 
af, f) 2 f%n(s, f) and such that for any open subset UC Q with 
UnQ2,-,#@ we have cap+,(UnQ,P2)#0. In this case neither 
Theorem 1 nor Theorem 2 is applicable to the form &, + &, _ Z. We conjec- 
ture that it is closable but we have no proof. 
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